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Abstract—The macroscopic behavior of a suspension of sedimenting particles in a fluid is closely related
to and depends on the microstructure and relative motion of particles in the suspension. Thus, the
calculation of the trajectories of the particles is an essential step in the mathematical modeling of the
macroscopic behavior of the suspension. Classical low Reynolds number hydrodynamics predicts that
sedimenting solid spherical particles approach one another typically to within 10~ of a radius, indicating
that the surface roughness of the particles can become significant and takes part in the interaction process.
In this paper, assuming zero Reynolds number flow, the trajectories of two solid spheres sedimenting in
either a quiescent fluid or a shear flow are calculated. The cases of ideally smooth and of rough spheres
are compared in order to examine the effects of surface roughness on the trajectories.
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1. INTRODUCTION

There have been numerous experimental and theoretical investigations of the macroscopic behavior
of a flowing suspension of particles in a fluid, in which the motion is a result of either an applied
flow (e.g. shear or extentional flow) or of an external applied force. For example, one might have
macroscopic motion of particles due to gravity (e.g. sedimentation), electrical (e.g. electrophoresis)
or magnetic fields. The macroscopic properties of such suspensions (e.g. the rheological, optical,
electrical, magnetic and heat and mass transfer properties) are related to the microstructure of the
suspensions. This may occur in a direct manner in that, for example, particle orientation (Okagawa
et al. 1973) or the probability of relative positions of particles (Batchelor & Green 1972) may affect
the macroscopic viscosity of the suspension or may occur in an indirect manner in that effects on
a microscopic scale can result in a flux of the suspended particles on the macroscopic scale, so
changing the way the macroscopic concentration of particles varies with position. Thus, in a shear
flow, fluxes of particles across the shear flow on the macroscopic scale may occur in a diffusion-like
manner due to particle—particle interactions (Karnis et al. 1966). Much of the theoretical work that
has been undertaken which relates the microscopic behavior of a suspension to its macroscopic
properties, has been for very dilute suspensions in which particles can be considered as isolated
with no interactions occurring between them. At a slightly higher concentration at which particle
interactions play a significant role, it is necessary to investigate particle motion at the microscopic
scale. At this scale one may consider two, three or more interacting particles and may include in
addition gravity forces, attractive van der Waals forces or repulsive double-layer forces acting on
the particles. Classical low Reynolds number hydrodynamics predicts that sedimenting spheres in
a shear flow can approach one another typically to within 10~ of a radius. Thus, the particles with
surface roughness height (i.. the height of bumps on the surface) of order 10~ of a radius or larger
will make physical contact during their motion when the roughness height becomes equal to the
gap width between them. It is assumed that the particles are so small that fluid inertia and particle
inertia effects are negligible. For such zero Reynolds number flow, the fluid velocity u and dynamic
pressure p satisfy the creeping flow equations

uVu=Vp, V-u=0, (1]

where 4 is the dynamic viscosity of the fluid. The no-slip boundary condition is assumed to apply
at the surfaces of the particles and at infinity u is assumed to approach the undisturbed flow field
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(which for the case of sedimentation alone may be taken to be zero). Since these equations and
boundary conditions are linear it follows that the rigid-body motion (i.e. the velocities and angular
velocities) of the hydrodynamically interacting sedimenting particles must be linearly related to the
forces and torques they exert on the fluid.

In a bidisperse suspension (in which one has two species of particles present which sediment at
different rates) or in a polydisperse suspension (in which one has many species of particles present
all sedimenting at different rates) the most common type of particle interaction will, at low solid
concentration, be that between two spheres of different species. The simultaneous interactions
between three or more species of particle will be less common. This will also be the case for
interactions between two particles of the same species in the absence of shear (there being zero
relative velocity for such interacting particles). Thus, in this paper we make use of the linearity
mentioned above to calculate the trajectories of two unlike solid spheres sedimenting in a stagnant
flow and in a shear flow where one may have physical contact between the particles. Several
methods have been used by others to calculate the hydrodynamic interactions between two spheres.
These methods include the method of reflections (Happel & Brenner 1965), the use of spherical
bipolar coordinates (Stimson & Jeffery 1926; Goldman et al. 1966; Lin et al. 1970), twin multipole
expansions (Jeffrey & Onishi 1984) and the collocation method (Kim & Mifflin 1985). These methods
in conjunction with lubrication theory have produced data which can be used for practical
calculations of the trajectories of sedimenting particles. Among these methods we used those of
Jeffrey & Onishi (1984) for particles sedimenting in a quiescent fluid and those of Kim & Mifflin
(1985) for particles sedimenting in a shear flow.

2. STATEMENT AND FORMULATION OF THE PROBLEM

We consider two uniform solid spheres (labeled 1 and 2) having radii a; and a, and density p,
and p,, respectively, suspended in a Newtonian fluid of viscosity 4 and density p. As shown in figure
1, we define at each instant of time a local system of coordinates (x, y, z) with the origin at the
center of sphere number 1 and with the z axis directed along the line joining the sphere centers
from sphere 1 to sphere 2. In this system the x—z plane is vertical and the y axis is horizontal.
However, when we calculate the trajectories of the spheres we will use the fixed global system of
coordinates (x’, y’, z’) with the z” axis directed upwards. It will be assumed that as the spheres
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Figure 1. Illustration of two sedimenting spheres with the Figure 2. Definitions of the verti'c?l component
definition of the local (x, y, z) and global (x’, y’, z’) systems of the velocity field U for a positive value of y
of coordinates. and of the location of the center of the shear

flow x..
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sediment they experience an undisturbed flow with velocity U, which is assumed to be the planar
shear flow

U=(0,0,y(x" —xc)), 2]

with the velocity vertical and gradient in the horizontal x” direction. Here x; is the value of x” at
the shear center (where the value of the velocity U is zero, see figure 2).

Since the Stokes equation [1] and the boundary conditions are linear, we may decompose the
complex motion of spheres during their sedimentation into simpler motions. Consequently, the
linear velocities (VO, V@) of the sphere centers and the angular velocities (2, Q@) of the spheres
can be related to the forces (F°, F?) and the torques (T, T®) about the sphere centers (applied
to the fluid by the spheres) and to the rate of strain tensor E of the undisturbed velocity U through
a grand mobility matrix, as follows:

i)
VO ald  gdd B jud  gO gﬁz) Uy
o | a® a® pev fea g0 ) Uy B3]
QO =H [ pn pm2 an 2 pO T(z) Tlap|’
Qo P P @D (@ p® T(E QP
, u

where E, = XU,;+ U,,). The superscripts (1) and (2) used above refer to the sphere number, also
a® peP b (transpose of b®”) and ¢®? in [3] are second rank tensors and g® and h® are third
rank tensors (Jeffrey & Onishi 1984; Kim & Mifflin 1985). In [3] U{¥ and Q” are linear and angular
velocity vectors (i.e. one half of the vorticity) of the undisturbed flow field evaluated at the location
of the center of sphere a. The applied force F® exerted on the fluid by sphere a is the sum of the
gravity and buoyancy forces exerted on the sphere if the inertia of the sphere is neglected. This
can be written to the local system of coordinates (x, y, z) as follows:

FO=(—F®siny,0, FPcosy), (x=1,2), [4a]

where
47
FP == (p - p.)gas [4b]

and g is the magnitude of the gravitational acceleration defined to be positive in the negative z’
direction and ¥ is the angle between the z’ and z axes at any instant of motion (see figure 1). We
assume that the spheres have a uniform mass distribution so that the applied torque on each sphere,
and hence the torque T® that each sphere exerts on the fluid, is zero. Thus,

T® = 0. 5]
From [2] we have U, Q and E relative to local system of coordinates as follows:

UP =(—=UWsiny, 0, U9 cos ), [6a]

Qp = —% (cos ¥ sin 6, cos 0, sin y sin 0) [6b]
and
—cosfsin2y sinfsiny  cos @ cos2y
sin 0 sin y 0 —sinfcosy |, [6¢]

cosfcos2y —sinfcosy cosdsin2y

=

where U® = (x; — x/)y. We will refer all quantities in [3] to the local system of coordinates (x, y, z)
im which the components of the mobility matrix are functions only of the sphere radii (a, and a;)
and the separation distance between the spheres’ centers r (see figure 1). For the purpose of

UMF 17/3—~H



398 M. TABATABAIAN and R. G. COX

performing the present calculation we used the results obtained by Jeffrey & Onishi (1984) for
a®, b, bP and P (available for any value of the radius ratio A =a,/a,, but not accurate
when 4 is very small or very large), and for the remaining elements we used the results obtained
by Kim & Mifflin (1985) (available for only 4 = 1). Once the mobility functions are known for
a given position and given sizes of the spheres, we can calculate the velocity and angular velocity
vectors of the spheres using [3] with the applied forces and torques given by [4a] and [5] and
experiencing the shear flow field given by [2]. Then the trajectories of each sphere can be calculated
numerically using an explicit scheme with respect to time ¢ assuming a small time step 6¢. In these
calculations the value of &z is taken to be proportional to r in order to have a larger time step
when the spheres are far apart and the hydrodynamic interactions are weak. If during the motion,
the gap between the spheres becomes equal to the surface roughness height ¢, it is assumed that
they will make physical contact. At this instant and during their subsequent motion while they
are in contact we assume that the spheres lock together and do not slide on each other. In other
words, they move as a rigid body (i.e. like a dumb-bell). This contact mode will continue until
the component of the hydrodynamic force in the direction of the center-to-center line changes
sign (and becomes repulsive). This occurs when the center-to-center line becomes horizontal (i.e.
parallel to the x"-y” plane) since in this position this force component must be zero by symmetry.
Then during their subsequent motion, the spheres separate and the interaction is again purely
hydrodynamic. The following sections will present the details of calculations of trajectories of the
two spheres sedimenting in a stagnant flow (i.e. pure sedimentation U = 0), and also sedimenting
in a shear flow (U #0). In order to do that it is convenient to use a dimensionless form of the
variables. We follow Jeffrey & Onishi (1984) and define the dimensionless variables 4“?, b and
&P as follows:

4P =37 (a, + az)a™?, [7a]

b®P = n(a, + )P [7b]
and

8P = (a, + az)’c™. [7¢]

We also define the dimensionless tensors 8 and h® as follows:

g(u) = ___ﬂ_. [7d]
(aa + as_ rx)

h® = h@®. [7e]

For nondimensionalization of the linear and angular velocities, applied forces and torques and rate
of strain tensor we define, respectively:

uV

T go—p) @+ a) [82]
- uQ , [8b]
glp—p)a +ay)
F
S —p) @t ay (8c]
- T 8d]
ng(p, —p)(a + az)4
and
HE [8e]

b= e a
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By substituting [7a—e] and [8a-€] into [3], this equation can be written in terms of dimensionless
variables as: :

)

fv(l)\ (1 -§6-}.) 4o» 1809 a -';).)2 fan fua g(l)’ ’031;

1 1Y
(D (|
@ 1gen _6L a4 pen ~— B2 g@ op
= ™| + .

Qo M pav 12 (1_+i)_3 aun U2 fit Q

1} 1y}
, (1 + -) (l + —) T
A N A 2
gQ(Z)J L ey - e &en - ez ﬁ(Z)J \Qs )
LE 7

In what follows all lengths are made dimensionless with the quantity a, + a, while ¢ and shear rate
y are made dimensionless as follows:

ta=g|P1 —pl(a, + a)t [10a]
U
and
§= ol : [10b]

glpr—p)a +a)

The tensors 4¢P, b©, &=A, @ and h® are then functions only of the radius ratio A and the
dimensionless distance between the sphere centers 7 = r/(a, + ;).

3. PURE SEDIMENTATION (U =0)

In this section we will give the details of the calculation of the trajectories of two spheres of
arbitrary sizes and densities sedimenting in a quiescent fluid (U = 0) It can be shown by symmetry
that such trajectories must lie in a fixed vertical plane which we may take, without loss of generality,
to be the x’—z’ plane, so that 8 =0 throughout the motion (see figure ‘1).

We will consider two possible cases. For case 1, we will assume that the spheres are ideally
smooth and the interactions are purely hydrodynamic (i.e. spheres do not make physical contact).
For case 2, we let the spheres make physical contact if their gap width becomes equal to their
dimensional roughness height ¢. In order to find the trajectories of the two spheres we use [9] with
E=0,00 =0, O =0 and F® and T® given by [4a] and [5] and made nondimensional by [8a—e].
Therefore, we do not need to calculate the tensors §® and h®. It is, however, necessary to calculate
all other elements of the mobility matrix in [9]. These elements are functions only of A and 7 and
are calculated using the results obtained by Jeffrey & Onishi (1984). The calculated linear and
angular velocities obtained from [9] are then transformed to the global system of coordinates
(x’,y’,2z") using

e cosy 0 siny ) [P®
Ve | = 0 1 0 ye (11
Ve —sinyy 0 cosy 143

with a similar equation for Q©. Therefore, knowing the positions of the spheres at any time ¢ (i.e.
the values of 7 and ), we can calculate numerically their displacements at time ¢ + 6t by
multiplying ¢ by the linear velocities of the spheres. Then, knowing the new positions of the spheres
(i.e. new values of 7 and y), we can calculate the new mobility matrix and applied forces and torques
and consequently repeat the calculations in the same manner in order to obtain the paths of the
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Figure 3. Trajectories of two ideally smooth unequal spheres (4 = 2 and x = 4; thick lines represent sphere
1 and thin lines represent sphere 2) sedimenting in a quiescent fluid without making contact. Initial values
of 7, ¥ and 0 are 30, 0.573° and 45°, respectively. £’ = x’/(a, + a,) etc.

spheres. Typical results are shown in figure 3 for two interacting spheres with a large initial
separation in the z” direction. This demonstrates the symmetry of the trajectories about a horizontal
plane and zero net displacements of the spheres in the x’ direction (a result which follows
directly from the linearity of the equations and boundary conditions) as well as zero displacement
out of the vertical plane of sedimentation (which follows from the symmetry of the problem when
U =0). It is worth noting that A and the relative density x [k = (p, — p)/(p, — 1)] must satisfy
A% # 1 in order to have a nonzero relative velocity for the sedimenting spheres at large separation
distances.

For case 2, in which contact between the spheres may occur, we assume that the surfaces of the
spheres have a typical dimensionless roughness equal to ¢ [¢ = ¢/(a; + a,)] which is normally very
small compared to unity. Then during the sedimentation process when the dimensionless gap 7 — 1
between the spheres becomes equal to ¢ as a result of their hydrodynamic interactions, contact will
occur. We suppose this occurs when y has the value § *. In order to analyze the rigid-body motion
of the spheres in contact we suppose the spheres are joined by a rod of negligible cross section with
dimensional length /. which will be taken to be equal to ¢, and is hence small compared with the



BEHAVIOR OF SEDIMENTING SPHERES IN STOKES FLOW 401

Q z
Q

N
\ B
ﬂ%/ f=7-0

A\ y A
Ty=T+Qk
x

Figure 4. Free-body diagrams of two spheres and of a rod joining them, while sedimenting in a Stokes
flow.

sphere radii. However, the rigid-body motion of the dumb-bell which will be obtained is not
restricted to these small values of ;. In fact /; can take any positive value as long as the cross section
of the rod is sufficiently small so that the hydrodynamic forces and torques on the rod itself can
be neglected.

Considering the free-body diagram of the imaginary rod of length /, (see figure 4), if at end A,
the forces on the rod along and perpendicular to the rod are N and Q, then those at the other end
B are equal in magnitude and opposite in direction as shown. The applied torques T, and T} acting
on the rod at A and B, respectively, are then related by

Ty=T,— Q..

For the purpose of simplifying the algebra, we let T, = T + (/,/2)Q so that Ty =T — (I./2)Q. By
applying the conditions of equilibrium for sphere 1 it is seen that the hydrodynamic force and
torque (about the center of sphere 1) exerted on the fluid by this sphere is (relative to the local
x, y, z coordinates), when expressed in terms of dimensionless quantities (see [8a—e]):

O = (—FOsiny + 0,0, F cosy — N) [12a]
and
10 < (0, 7 + & l—jw 0,0 [12b)
T2\ 44 . ,

where 0, N and T are, respectively, the dimensionless forms of Q, N and T (see [8a—e]) and
where )

) — __i._.
£ T30+ A

Similarly, the hydrodynamic forces and torques (about the center of sphere 2) exerted on the
fluid by sphere 2 are:

FO=(—FPsiny ~ 0,0, FPcosy + N) (13a]

and
. 1/1—-2
1@ = (0, -T- §<1_+}~ - r)é, O)s [13b]

where
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If these values are substituted into [9], which now takes the form

O _1_"6'_}“ Y 7 0) + %ﬁuz)F(z) + (1 -;l)z B(ll)T(l) + B(IZ)T(Z)’ [14a]

1 2

(1 + z) (1 + l)
V0 = Lapo 4 X a<22>ﬁ<2>+B<m*r<n+—4l perie, [14b]
O Gt : A gango 4 goape . (LHA ;“3 20 4 g2 [4c]

and
1 2 3
0+ e )

0O = eV 4 7 BeR@ 4 panfw 4 3 e AN [14d]

we obtain 12 scalar equations involving 15 unknowns. Twelve of these unknowns are the
components of V® and Q® with the remaining being O, N and 7. Therefore, we need three more
equations. These equations are supplied using the kinematic constraints resulting from the
assumption of rigid-body motion of the dumb-bell consisting of the two spheres and rod. These
constraints are

QO =QP (=0;say), [15a]

Vo =p0 4 QF [15b]
and

P = por [15¢]

Hence by solving [14a—d] and [15a—] we obtain the 15 unknowns as follows:

T=Krsingy, O =K,siny, N=Kycosy, V=B siny, [16a-d]
PO=Ccosy, VP=0"=0"=0, VP=B,siny [16e-g]
PO=Ccosy, PP=00=00=0, QV=0%=4siny, [16h—j]

where all coefficients are functions of F @, 7 and A (see appendix A). Now we transfer the linear
and angular velocities to the global system of coordinates using [11] to obtain

V@ = (B, + C,)siny cos y, [17a]

Vo= —(B,+C,)sin*y +C, [17b]
and

QY = A4 siny. [17¢]

The dimensionless values of the coordinates of the centers of the spheres (X, and %) and the
angle ¢ are related to the velocities and angular velocities of the spheres by

o

%, o
FR =Sgn(pl_p)V.(v’)’ [18a]
&~ san(p, — )P [18b]

and

-0 s
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By dividing [18a] and [18b] by [18c] we obtain, respectively,

df, B,+C,
dy 4

0s ¥/

and
d, B, +C,
dy A
which may be integrated to give

_B.+C,
T4

s1n¢+A sinw;

57

(siny —siny*) + £*
and

C
z‘;=§£—c—“(cos¢ —cos¢‘)+j45|:1n

+ tan(y /2) ] .

an(y*/2)| "’
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Figure 5. Trajectories of two unequal spheres (A =2 and x = 4; thick lines represent sphiere 1 and thin
lines represent sphere 2) sedimenting in a quiescent fluid and making contact (¢ = 0.025). Initial values
of 7, Y and 6 are 30, 0.382° and 45°, respectively.
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Figure 6. Trajectories of two equal spheres (A = 1 and x = 4) sedimenting in a shear flow with y = —0.05
without making contact; initial values of #, y and @ are 30, 0.573° and 45°, respectively.

where, Y *, £.* and Z_* are the values of y, £, and 7/, respectively, at the instant when the contact
begins. Also, integration of [18¢] yields

*
tan (%> =tan (l%) glAsgn(er =Ml [20c]

Equations [20a, b] describe parametrically the trajectories of the two spheres in contact. The
complete trajectories are obtained by using a computer program which calculates the trajectories
of the spheres while they are not in contact, as described for case 1, and when they are in contact
by making use of [20a, b]. Contact occurs at the instant when the dimensionless gap 7 — 1 is equal
to € and continues until the line joining the centers becomes horizontal (see section 2). We observe
that the trajectories (see figure 5) of the spheres in the x"—z’ plane are, unlike the case of no contact,
no longer symmetrical about any horizontal plane. In addition, there is a net horizontal
displacement of the spheres as a result of their mutual interaction. These “nonlinear” effects are
due to the physical contact of the spheres in the course of their sedimentation.

4. SEDIMENTATION IN SHEAR FLOW (U #0)

In this section we consider again the problem of two sedimenting spheres but now include the
effect of a superimposed velocity field U given by [2]. The motion of the spheres, unlike that for
the case of pure sedimentation, is three-dimensional with their trajectories depending on the initial
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value of the polar angle 6 (see figure 1). The x’, y’, z’ axes were taken in such a manner as to make
x’ = x. (see {2]) at the mid-point between the spheres at the start of the calculation. A different
choice for the point x’ = x, would merely result in a constant vertical velocity being added to the
spheres’ motion.

In order to analyze the problem of the sedimentation of two spheres in a shear flow, we again
consider two cases. For case 1, we will calculate the trajectories of the spheres sedimenting in a
shear flow when no contact occurs between the spheres. For case 2, the trajectories of the spheres
will be obtained when physical contact occurs between the spheres. In order to calculate the paths
of the centers of the spheres we again make use of [9] in which U, £} and E are given by [6a—]
and 7@ and 1@ are given by [4a] and [5] and made nondimensional by [8a—e]. Since the rate of
strain tensor is not zero we have to calculate the dimensionless mobility tensors §© and h®. Like
the other elements of the mobility matrix, the elements of these tensors are functions of 7 and A.
However, the complete results [obtained by Kim & Mifflin (1985)] are available for only 4 = 1 and
# = 1.01. Therefore, we restrict our calculations for two equal-size spheres with differing densities.
Typical results obtained for case 1 are shown in figure 6 which demonstrates the symmetry of the
trajectories about a horizontal plane as well as zero net displacement in the x” direction. For case
2, in which we assume that the spheres make physical contact when their gap (i.e. 7 — 1) becomes
equal to their dimensionless surface roughness height €, we suppose contact occurs when ¥ and
0 have the values ) * and 0* and that from this position on, the spheres are locked together and
undergo rigid-body motion until = =/2 when the spheres separate and continue their purely
hydrodynamic motion. In order to analyze the motion of this dumb-bell-type body formed when
the spheres are locked together we will follow essentially the same approach as we did for the pure
sedimentation case, except that in this case we must take into account the three-dimensional motion
of the spheres. For this purpose we again consider the free-body diagrams of the spheres and a
rod with negligible cross section joining them, as shown in figure 7. First we consider the free-body
diagram of the rod having length /.. In the local system of coordinates and in the x—z plane

3 ,
& %@’
N
& I Tp =T — Qi
N\ A

Ta=T+ ik

(a)
‘G
Te =T + Q.

TAI - Q%

®

Figure 7. Free-body diagrams of two spheres and of an imaginary rod joining them: (a) projection on
the x-z plane; and (b). projection on the y-z plane.
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[see figure 7(a)] the mechanical shear force —Q,, the normal force N and the mechanical torque
T,,, act at end A of the rod. By writing the equation of equilibrium for the rod we find that the
applied forces at the end B of the rod are Q, and — N and the applied torque Ty,, where

Tnz = TA2 - Qllr'

For the purpose of simplifying the algebra we let T, = T, + (I,/2)Q,, so that Ty, = T, — (I./2)Q, .
Likewise, for equilibrium in the y—z plane we have the situation shown in figure 7(b), in which
T,=T —(/2)Q,and Ty, = T, + (I./2)Q,. By applying the condition of equilibrium for sphere 1,
it is seen that the hydrodynamic force and torque (about the center of the sphere 1) acting on the
fluid by this sphere (for 1 = 1) are (relative to the local system of coordinates), when expressed in
terms of dimensionless quantities (see [8a—e)):

RO = (—EOsiny + 0y, 0, FO cos y — K) [21a]
and
" F oA . F oA
T(l)=<Tl _5Q25 T2+§Ql’0> [21b]

Similarly, the hydrodynamic forces and torques (about the center of sphere 2) on the fluid by sphere
2 must be

FO=(—FPsiny — 0y, =0y, FP cosy + N) [22a]
and
fm=(—f1-géz, ~fi+50.0) (225]
If these values are substituted into [9] which now takes the form
o= F“) + Fm I < (O <Cs CIp gOR + O, [23a]
VO = p(l) + F(Z) + bevfo 4 jeato gOR 4+ 0P, [23b]
QO = HAVED 4 HOORD 4 00 4 0240 4 ROR 4 OO [23c]
and
0@ = pRVRO 4 HEIRD 4 g0 4 a@2F@ 4 {HOR 4+ QP [23d]

we have 12 scalar equations and 17 unknowns. Twelve of these unknowns are the components of
¥® and Q® and five of them are T, T, 0,, 0, and N. Therefore we need five more equations to
have a determined system of equations. Again we invoke the consequences of rigid-body motion
of the spheres in contact to obtain the required additional equations:

PO=po  pO=pOLQN; VO=P QY [24a—]
QO =Q® (=Q,;say), QN =0P(=0Q,;say). [24d, €]
We can now solve equations [23a—d] and [24a—] to obtain
T, =0, [25a]
[, = Kppsin i, [25b]
0, = K, siny + K, cos 6 cos 2y + K;cos 6, [25c]
), = K, sin 6 cos ¥, [25d]

N = K cos ¥ + K cos 0 sin 2y, [25¢€]
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VO = E{"siny + E{’ cos 6 cos 2§ + E{’ cos 6, [25f]
P = F,sin 6 cos ¥, [25g]
PO =GP cosy + GI cos 8 sin 2y, [25h]
OO = 0O = H,siny + Hycos 6 cos 2 + Hycos6, [25i]
QO =P = L, sin § cos ¥, [25j]
PO =EPsiny + Ef cos 8 cos 2y + E cos 0, [25Kk]
V® = F,sinf cos y, (251)
yo = Gﬁ”_cos ¥ + GP cos 0 sin 2y [25m]
and
OO =0@ =0, [25n]

where all coefficients are functions of F‘}“), §, A and 7 (see appendix B). The linear and angular
velocities of the spheres written relative to the global system (x’, y’, z’) are

P® = P cos y cos § — PP sin 8 + VP sin  cos 6, , [26a]

PO =P cosy sin 6 + VP cos 6 + V@ siny sin 6, [26b]

PO = —_P@siny + P®cos ¥, [26c]

Q9 =Q, cos y cos 6 — &, sin 6, [26d]

Q®=Q cosy sin 6 + Q,cos 6 [26¢)
and

Q® = —Q siny. [26f]

In order to obtain the trajectories of the spheres’ centers we should therefore integrate the following
relations with respect to time:

d#, .

— =sgn(p, — p)VY, [27a]

df

dj; a,z - () .

- =sg(p, — p)PY, [27b]

dz, .

—; =sgn(p, — p)V?, [27¢]

dt

d

Tlﬁ = sgn(p, — p), [27d]

and
4o _ sgn( ) Q 217
By eliminating the time variable / from the above relations we get

a0 _ Q, 28
dy =~ @ sinyg’ [282)
dz, »®
W = 'ﬁj s [28b]
dp, V¢

T [28¢]
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and
dz, V®
w = —ﬁ: . [28d]

Unlike the case of the pure sedimentation for which the equations determining the motion
([19a, b}) can be solved analytically, this cannot be done for the present case. Instead, we must
integrate the system of five coupled ordinary differential equations given by [27a—¢] numerically,
using a forward explicit scheme in time.

The complete trajectories of spheres, while they are not in contact and when they are in contact
are calculated by using a computer program based on the analysis presented in this section. This
program calculates the trajectories of equal-size spheres with different densities sedimenting in a
shear flow field. Typical results of calculated trajectories are shown in figure 8. As for the case of
sedimentation alone, the trajectories of the spheres are not symmetrical about any horizontal plane
and the spheres have net displacements in the £" and §’ directions. However, unlike the case of
sedimentation alone, the trajectories are no longer planar with their projections on the x"—y” plane
no longer being straight lines.

Since it has been shown here that rough spheres experience net horizontal displacement A%,
(x =1, 2) as a result of their physical contact, it seems of value to investigate the variation of
A% vs the spheres’ surface roughness height. For this purpose we chose the same pair of spheres
whose trajectories are shown in figure 8 (ie. A =1, x =4 and § = —0.05) and calculated their
net displacements in the x’ direction for different values of é. The results obtained are shown in
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Figure 8. Trajectories of two equal spheres (1 = I and x = 4; thick lines represent sphere 1 and thin lines

represent sphere 2) sedimenting in a shear flow with § = —0.05 and making contact (¢ = 0.015). Initial
values of 7,  and 8 are 30, 0.573° and 45°, respectively.
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Figure 9. Variations of the net horizontal displacements A%} of two equal sedimenting spheres (A = 1 and
x =4) in a shear flow (7 — 0.05) vs their roughness height é. The thick line represents A%{ and the thin
line represents Ax;. Initial values of 7,  and @ are 30, 0.573° and 45°, respectively.

figure 9, in which it is observed that the absolute values of the net displacements of the spheres
(i.e. |A%,]) increase with their surface roughness height.

5. CONCLUSIONS

The effects of the surface roughness of two spheres sedimenting in a stagnant flow and in a shear
flow on their trajectories are calculated. These trajectories are symmetric about a horizontal plane
and the spheres undergo no horizontal displacement (as a result of their interactions) when the
spheres do not make physical contact during their sedimentation (see figures 3 and 6), as is to be
expected as a result of the linearity of the equations and boundary conditions. However, the
“nohlinear” effect of physical contact between the spheres due to surface roughness eliminates the
symmetry of the trajectories and also results in net horizontal displacements of the spheres as a
result of their interactions (see figures 5 and 8). This gives a possible physical mechanism by which
particles can move horizontally during their sedimentation process and due to shear flow. It can
therefore be an important process in a number of phenomena which require such horizontal particle
motion. These include the horizontal motion of particles resulting in the formation of vertical
columns in bidisperse suspensions (Weiland et al. 1984; Batchelor & Janse Van Rensburg 1986)
and the diffusion-like motion of particles across the flow in sheared suspensions (Karnis et al. 1966).
In fact, an investigation of the behavior of dilute bidisperse suspensions using the present results,
will be presented in a subsequent publication. The effects of other forces (e.g. van der Waals,
double-layer forces etc.) on the trajectories of hydrodynamically interacting spheres can also be
modeled by the above theory by ascribing to the spheres an equivalent roughness. However, such
a simplification is only valid if the length scale over which these forces act is very much smaller
than the spheres’ radii.
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APPENDIX A

Sedimentation of a Dumb-bell with U = 0
In this appendix the explicit forms of the coefficients used in [16a—j] are given as follows:

PORSILE 112 — 1121(; (1]
and
KQ='§'?:—II§§’ [A.2]
where
(1+1)2 (1+l>3 ) ,
Ki= —y1271+—‘4—l—y1272+J’§1<11;j>+ 8'1 yi:[—%—z(ll:_i)}r(lzl) Yh—yh

13

1+~
A+4y [F 1-4 Q+4° . . ( '1) .
_—8—)’“ '2‘+2(1+1) g Yii—2yu+ 5 Y2,

12

1+—>

( A - 1+4)? , a .
2 & yngf) —_ £_4}_y’1’1 Fi,” __y11>2F§2) ,

1 3
(‘*z) f

Yii—2y% +——8_Y22

K;=YaFO+

(A+4)
8
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, 1A A+AY [P 1-4 7P 1-4 LAY, L,
K3_ _6—yll_3y21—_z~_yll E+2(1+A) Y 2 2(1+}‘) r 4 y1|+ry21

1

14

144 [F. 1=47. .. [F 1-2 ( ,1)
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8 27 21+ 4) 2 21+4) 6

12
P 1-2 <1+I> 7P 1-2
+yiz| 5+ + Yal5—

2 2(1+4) 4 2 2(1+4)

12
1+-)
( A 14 4)? (144 .
—yh+ ) y’z’z+( 3 yh—yh—F AL
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1+2 . sy 2 A a2 p 1o fO) '3 a B0
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Also
1
1
* L+

x2|F<l)+__6___ aF(z)_T x84 FO _ Lxg fO
KN=

T , [A.3]

144
6

6
(1+4)7 ,
=Kr[ 2 — Y+ s +KQ 6 J’n —3V%

(AP R, 12 [P 1-4 144 L s
—_—— —_ a 1.,a )
7 v 3taarn |2 2(1“)]} < VRED—1ysFD, (A4

1+4 . .
C= _Txll(KN FO) + 45, (Kv+ F®), [A.5]

2
(1+3)
= K| L

2
—— X1 +5%5 — ——x§2

<‘+%>a [ 1—1]

b 1+K, lya _ — —_
2 V2 0|3V g Yr—rn[3t 20+ 4)
1)? 1
(1+—> <1+-)
A Foo1-4 . B A o
o 5 | o e, [A6]
1+

- A .
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and

1+ 144
A"Kr[ 3 Yi—yu |+ Kpq—- ( 3 )J’11+)’12

440 [F 1-27, . [F 1-i
3 y“[f2(1+/1)]+y2‘[§_2(1+/1)}}' (A8

In these relations the mobility functions x%, yZ%, yi; and y¢; are the elements of the necessary
mobility tensors in {9], which may be shown to have the forms

(IB)_-xmBee +yaﬂ(5u €; j)
B = B9 = yipener
and
ég]‘{‘ﬂ):x +yaﬂ(6u €; ])

where the summation convention is used and ¢, is the Kronecker delta function, ¢ is the
permutation symbol and e;= (0, 0, 1) is the unit vector along the line joining the sphere centers.

APPENDIX B

Sedimentation of a Dumb-bell with U # 0
In this appendix the explicit forms of the coefficients used in [25a-n] are given as follows:

4+ yL)ED + FD)

Koo = , [B.1]
r 2y5 —yi)
K= [y-;'( F<n)+y L (ED — FO) + iyt B — UO + iyt B + 735y = y5)Kn
V=
A fz
+ U‘”]/[%(yin =y + 2200 —yh) -5 0% +y§1)], (B.2)
g _ 8 ‘+r’.‘ h + h g
K, = Oh—yh) (' %’212)3’ , [B.3]
%(ygl—y‘fl)+2f(y’{,——y’,’2)— Onu+ra)
Fy
2
K= — _ , (B.4]

o r I4 [4
%(ygl _y‘fl)"'z’(yll’l —}’11’2)_5(}’11'*‘)’21)

2y5 + 295, — fy’lll - fygl Y+ 7
K, = Py , [B.5]
"%J’ﬁ +%J’g| - ZfY?z + 2fy?1 _T(J’fl +y5)

SYR=N

3 ﬁg) _ ﬁ‘i}) 3(U(2) — U(l))

- _ B.6
A= e (B
39(x§; + x5)
K=t xh) [B.7]
©T 2xh—xf)
r‘
E(‘)-(%y‘,’, "%J’gl"‘z‘yl]’ “E}’g1>K1+(}’21 yi)Kr, 3}’11F(l) 3y Fo—yo [B.8]

E§1)=(%yllll_%y 2}’11 2)’21>K2+(J’§1+}’§1)?a (B.9]



BEHAVIOR OF SEDIMENTING SPHERES IN STOKES FLOW
F P
EP= (%y'fl '%J’gl —3}"1'1 —Eygl)KSa
1l.,a 1.,a F b 4 b o
F = (3}’11 —3¥a '—Eyu —5}’21)1(4—(}’{1 + ¥4,
G = (x4 — IxT)Ks + x5, F’S’ + x3 ng) +UD,
G’ = — (x5 + 3% 1)K + 2(x% + x5,)7,
H = (ylfz—ylfl 2}’11 + 2)’21)Kl (}’n +y5)Kr, +J’nﬁ‘(1)+y F(z)
b b f [ f c h h o
H,= (J’n —-JYn— 5}’11 +‘2‘J’21)Kz + (¥4 +y4)7,

F F
H3=<y11’2—y11’|—§J’71+§y§|>K3 2, —Kr,+yh F’(l +}’12F(2)
21

F 1-4 . 7
L= K| st s 5050 - g 0+ w0+ 100+t -5,

20+ 4)

Po,oF ]
EP= (%y‘z'. ~3ye—5vh- Esz)Kl +(yo—yh)Kn—3y5 P —1ya FO - U®,

A

7
EP = (%y‘z’l —3yh—5rh- 2)’22>K2 +(r+ %),

7 7
E§2’=(%y§1—%y —27h —Eygz)Ks,
1 a 1.,a f b F b A
F=\3yh—1yh—30h—50b K, — (yh + y5)7,

G = (3x% —3x5)Ks + x4 FO + x'z'zﬁgz) +U®
and

GP = (5x% — 5%5 )Ks + 2(xf, + x5)7

413

[B.10]

[B.11]

[B.12)
[B.13]

[B.14]
[B.15]
[B.16]
[B.17]
[B.18]
[B.19]
[B.20]
[B.21]

(B.22]

[B.23]

In these relations the mobility functions x3, y%;, y25 and yg, are as defined in appendix A, whilst
the mobility functions x£;, % and y;; are the elements of the mobility tensors £ and A%, which

may be shown to have the forms

2\ 24 \*-!
@ = —— 1a) 5 Q%)
gtjl (1 +A> ;ki +(1 +}.> gjki

and
R = h92 + A%,
where
g(a xaﬁ(e € — 5ij)ek + % (ei(sjk + ej‘sik - zeiejelc)
-and

ﬁff{’ =yl (esee + eeye),

and where ¢, is again the unit vector along the line joining the sphere centers.

LIMF 17/3—1



